assIC
Fields

Jacek Karwowski
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CLASSICAL FIELDS



PARTICLES AND FIELDS
1. Variable number of particles
2. Interactions of different fields

Particles | Fields

qi (1) Yp(r,t) — field amplitudes
Gi(t) (r,t)

L(g,d) | Lip, Vi, 4] = / Ll Vop, )P

|4
Di = 8.L m(r,t) = 8_£ — momentum density
9q; o

H(p7Q) H[wavwaﬂ-var] :/‘/H(wavaﬂ_,Vﬂ')dBZC

L — Lagrangian density*{ — Hamiltonian density



PRINCIPLE OF THE LEAST ACTION

Particles Fields

to to .
0 L(q,q)dt =0 0 Ly, Vi, |dt =0
/tl (¢ g)dt /t1 [, Vo, ¢]dt
5qi(t1) = (Sqi(tg) =0 5¢(I‘,t1) m— (5?70(I',t2) =0

t2 t2
- o
5 / L{p, Vi, §dt = / | 520 Vo)t =0

oL oL oL .
IL =5 00+ ma(w) + a—¢5¢

5 = £:(60), 5(VY) = V(60)



EULER-LAGRANGE EQUATIONS

Condition that) anddq vanish onS(V),

/ /[——v( a@) at(gi)](wd%dt—o
%—v( (avﬁw) m(i)

whereS(V) is the surface surrounding. If z,, = (r, ict) then

oL 9 (oL _
0w, \ow,)

The equation if covariant if is invariant under Lorentz transformation.

Integration by parts, }
—




Particles

THE HAMILTONIAN
Fields

H(q,p) =

S pidi — L | H(@, Vi, 7, V) = mih — £

/ LAy =
Vv

= a_c.’ H= | Hdz.

oY %

a_ﬁ_ ((9—[, a_[’ / 3
{[fw Y (8(%))] vt aﬂ”}d v
(mw + mw) P

_5(W¢) — pdm + 7%(514 d>r

_5(7'( + L) — o + 7%514 d>.

5



o H

THE HAMILTON EQUATIONS

SHdx = | (¢om — 7o) d>x
/ J ( )

Vv
5 /V Hd3z = /V (ww _ fr(w) B

/ {a—H(SW + a—Hé(vw) + 8—H5¢ + a—H(S(Vw)} d’x
y

oo

om AL s oY oV
OH OH OH OH
/V { [37 - V—aw] om + [@ ~Vave
OH OH
Y = or VE?VW
P i



SOME PROPERTIES OF THE LAGRANGIAN DENSITY

The equation of motion derived from the Lagrangian dersfi@nd

F.
E':a,([,qLFM,M):a,([,JrVFJr%),

whereaq is a constant and, vanishes ab (), are the same.
The Lagrangian density must behave as a scalar.

If the order of the equation of motion has to be at nihshe
Lagrangian density may only dependorandz ,

The Lagrangian density has to be real (Hermitian in quadttheories)



EXAMPLES

A real scalar field

L) = —5 (bt + 120)

The resulting Euler-Lagrange equation:

82
( — /4,2) Y =0, ie (O-r*)Y =0,

8:1:/%

where [1= o = A 1 &7 d’Alembert operator

- 0:5/% - c2 012 P '
|f

E2 :p262—|—m204
0
E — iﬁa, p — —ihV
mec

thenk = - and we get the Klein-Gordon equation.



Yukawa potential
Interaction: L. = —p

(O— k%)) =p, let p=G(r)
In the case of a static (time-independent) field:
(A = %)Y == G 4(r)
Let us defina)(k) as

Then




and

1 G

vik) == (27)3/2 k2 + K2
G e " "
P(r) = P
G e—fﬁ|r2—r1|
w(I'Q) N _47'(' |I'2 — I‘1|
G e—li|I‘—I‘/|
: = — /[ — _— — 5 !
Hlnt »Clnt lbp AT ‘I‘ o I‘/‘ G (I')
G2 e~ RT

/
Hint :/ Hintd3 = —
Vv

4T 7

10



A complex scalar field
The field amplitude has two-components:*.
Two component real field:

P = 7(¢+¢)
Py = 7@0 V*)
=~ [ (9%, )
£ - 53| (5) e

= — YL — KT,

11



(D—/ﬁ:Q)w*:()

From here:
(D — /4,2) Y =10
In an external field
—1h 0 — —1h 0 — EAM
0x, dxz, c

If ¢) correspondsto A, = (0,0,0,74)
theny* corresponds tal,, = (0,0,0, —iAy).
Consequently,

IS

e << —€

12



Four-vector current in the complex field

w/ _ e’i)x w
77D>|</ e—i)x w*

Y] = Ppcos A — Py sin A
Yy, = prsin A+ g cos A

For infinitesimal:

S =i\, SbF = —i\ab*

.0 oY* , OV .
0 = M@:z;u (axuw (B 83;,,,)’ l.e.
0Jju . o OV* 0
— h p— —_ *—
oz, 0 with . =+ (8:1:uw v 8:1,‘”)
Again

Yoo YT

Ju 7 T Ju

13



The Schrddinger field

L= W= §7) = o=V VY = V(r)g'y
LetF ~ V(y*y), Fy~ ¢¥*y. Then
VF ~ A (¢7) =2V Vo + (AY" ) + " (A )
0 Fy TR
a5 (CARVRS S AT
Therefore in the Lagrangian density one can replace
1, . . .
S =) by g
Commonly used form of the Lagrangian density:

. h?
L= ihyp* — %w*w — V(r)y*y

14



Euler-Lagrange equations:

15



Hamiltonian formalism:
oL,
0

7

H = ) mahs— L=m+ " — L =ihp™ — L

2
= LV V()
m
3 |
_ —;—mww - %V(r) o

i = —L Aap + V ¢

Hamilton equations: ,
—ihm = —Zh—mAW +Va

16



QUANTIZATION

17



Discretization of the field

We discretize the volum® by dividing it to cells. In each cel) andw may
be assumed to be constant. Thus, in;ttk cell

v, =Y(r;,t), m; =n(rj,t), P;=T17;,

7;, P; —the volume and the momentum corresponding tojthiecell.

particles| fields

classical dj,DP;j %‘: Pj

quantum ij?ﬁj ’(pj,Pj

18



Application of the correspondence principle

[ququk] — [ﬁjaﬁk] = 0, [quaﬁk] — ihéjk
i = [ B] = 0, [i B = it

AN

1 — the field operator

19



Hamiltonian and the equations of motion

2

H = h—W*W+V(r) ¥
2m
2

Ho— T Oive 4 V) it
2m

ﬁ:/vﬂd%zfvw (——A+V) vd3x

Note: / (V@ET ) (w@) Pr = — / ot ApdPr + HIVide
Vv Vv

S(V)

N~

=0

Heisenberg equation far: ik = {w, H}
Finally, after the evaluation of the commutator:

2 K2
iht) = ——Atp + V(r))

2m

20



The evaluation of [w, H} :

[10 wvadS ]— (wa wTw)deS
V

/(51‘ r’) de?’r —Vw

<

G [ o] = [ (9 i0) sty

|4

21



Constants of the motion
The set of the constants of the motion include the operattveohumber of
particles

N = / O idPa
Vv
and the commutators

R I i R PRl

The demonstration that they commute withis straightforward and
Involves the evaluation of commutators of products of twilfagperators,
as e.g.:

316,915 = gt -

22



THE NUMBER REPRESENTATION

23



The number representation

In this representation the basis in the Hilbert space is éarfny the
eigenvectors ofV. Letur(r), k =1,2,... be acomplete, discrete and
orthonormal set of functions. Thus,

| wiwuis = b,
Vv

k

A

i (t) = / AP, ds  alt) = / B(r, 1) g () da
V V
The commutation rules

60] =[] =0, [5.01] = e —x)
] = 9] =0 |99

P(r,t) =Y aptur) Pt =Y al()up(r),

imply a, @) = |al.af| =0, |ax.af| = o

24



The operator of the number of particles:
N = /;2%0333::2&;@/ wiwdx

— Z&L&k EZNk
k

k

The occupation number operator:
Ny, = alay,
It is easy to see that
[Nkm} — 0.
In the number representation the set of commuting operators
N, Ni, Na, ...

Is diagonal

25



Properties of ay, al, N

Let us select a single value bfand denote, for the time being,

a=ay, at=a), N=ata=N,. Then, [a,4'] =1

If Nin) =nln), |n’)=aln) then(n|N|n) = (n|afa|n) = (n/|n') > 0.

o' N|n) = = N (&Hn}) = (n+1) (&”n)) = a'ln) ~ |n+1)

26



atloy = f(1)[1),

iy = F@PR) = 550,
ifn—1) = f(n)n) = @
FF@) - fm=1)
n) = @)’ 0)
FF@) - f =1

One can show by induction that

a, ()" =n(ah)""

This implies

(nln) = =1=f(n)=Vn.




a'ln) = f(n+1n+1) = a'|n) =vVn+1n+1).
aatln—1) = vnaln) = 1+ N)jn—1) = njn—1);= an) = /n|nll).

1 0 0
=gl .Welol 2]
(0 Vi 0 0 - ( 0 0 0 --- 0
0 0 \/§ 0 \/I O 0 --- 0
s 0 0 0 0 Ao 0 v2 0 - 0
\0 0 0 Jn ) \0 0 0 NG

28




The general case; N = Z N,
k

A

The orthonormal basis of eigenvectors’éf Ny, Na, ..., Nk, ...:

\nl,ng,...,nk,...>

Nknl,ng,...,nk,...> = NE|N1, M2,y My - -)
dknl,ng,...,nk,...> — \/nk\nl,ng,...,nk—l,..)
&,Tcnl,ng,...,nk,..) = vnp+1ny,ng, ... ,ng+1,...)

ar — annihilation operator _
of the k-th state of the field

al — creation operator

29



The eigenvalue problem of the Hamiltonian

N " h? "
H = / wT (——A —+ V) deZC = CALTCALZ hkla
v 2m ; k

ﬁ2
hi = / Uy, (-2—A + V) w d3x
\V4 m

h2
If (——A + V) ur = Eur, then hyg = Exdky,
2m
H=Y &alar =Y &Ny
1 1

i, = {a}gak,ﬁl} — 0,

and f[|n1,n2,...,nk,...>:E\nl,ng,...,nk,...



Bosons and fermions

The formalism derived from the correspondence princigle @ommutation
rules for the field operators are the analogs of the comnuurtaitiles for the
coordinate and momentum) describe bosons — the occupatimbersn;,
may be arbitrary non-negative integers. For fermiops= 0, 1.

P. Jordan, E. Wigner, 1928 — in order to decribe fermions,h@aseto replace
commutators by anticommutators:

Bosons:

Fermions:

31



Fermions:

{&kadl} =0 = ara; = —qap = CALi =0
ooty tot _atat 12
{a,z,azr}—O = a,ia; = —a,a, = a, =0

{ak,a]} = O
Ny = ajay = N = alavala, = a}, (1 - alay) a, = Ny
Then,
Ny (Nk—l) —0 = np(ng —1)=0 = ny, =0, 1.

The remaining part of the formalism is the same. In particula
2 A A h2 ~ N
i) = {w, H} =AY+ V()
2m
[Nk,Nl} —0, N=0, E=Y n.&
k

32



Properties of fermionic operators ag, a
Let us denoté = a;, af =al, N =ala

A

, N
Ni.

N —+

Then, a2 =a? =0, aa' +a'a = 1.

a

Q>

0) =0 alny =n|l —n
1) =10) o
0) =[1) s = a'ln) =1 —-n)|l—n)
=0
. 0

o-[3] w[]
1) &T<_><O 0) N—&T&H<
E 1 0 )

33



The general case; N = Z N,
k

The orthonormal basis of eigenvectorsiéf Ny, Na, ..., N, ...:
\nl,ng,. ey Ny - >
Nilni,ng, oo sng, ...y = Ne|ni,No, ooy Mgy - )
ag|ni,no, ..., ng,...) = Ornglni,no,....1—ng,...)
d,inl,ng,...,nk,..) = Or(1l —ng)ny,no,..., 1 —ng,...

k—1
Or = (—1)", = an
j=1
The phase factor®,, are introduced in order to secure that

&k&l|n1,n2, e Ny . > = —&l&k|n1,n2, e Ny . >

34



MAXWELL FIELD

35



MAXWELL EQUATIONS

p )

vE=" 1 0F,
OE . >,u O = Ju
v><B—,uo€oa—:/ioJ 0 Y
t J
VB =0, OF,, OF, 0F\,
OB + + =0
VXE—FW:O 0T oz, 01,

€Eoo = 0_2

36



Basic notations and properties

fl?u — (I',?:Ct), j,u, — (.]72610) :

[0 By -By —iBEijc)
— Bj 0 —By —iFEy/c
B, -B, 0 —iEs/c
\ iBy/c iByJc iBsfc 0

pv =

The antisymmetry of’,,, impliesj, , =0, i.e.

., Op _

37



Potentials
A, = (A,i®/c) —the vector potential.

The homegenous Maxwell equations become identities if

0A

E:—VCI)—W o 0A, O0A,

pv -
B=VxA Oz, Oz

The inhomogenous Maxwell equations:
VE- L = protZya-_?
€0 ot €0
1 OE 1 0°A
I uni AA — — _
VB 2ot M7 c? 0t? V(

38

1 0P

VA + -

c2 Ot

) = — o]



Gauge transformation

E andB are invariant under the gauge transformation:

A—>A'"=A+V)\ ) W ) O\
@%(D/:q)_g_i\ e M_'_axu

where\ = \(r,?).
In particular:
oA, 0A,  9*)

dx, Ox, Ox?’

VA' =VA + A\

39



Lorentz gauge
If \ is chosen so that

2
A _ %% e ma--va-L9?
0w}, 0z,

then we get th&orentz condition (manifestly covariant):

gﬁi‘ =0, ie. VA'+ C%a;;/ =0
In the Lorentz gauge the Maxwell equations read:
i
€0 DA, = —pojy,

OA" = —poj

40



Coulomb gauge

If Ai1s chosen sothat AN = —-VA
then we get th€oulomb gauge (non-covariant) with:

?9;13 =0, ie. VA'=0 (transversality condition)
In the Coulomb gauge the Maxwell equations imply:
A = P = ®(r,t / d3 !
€0 47T€0 r — r’|
UA = —poj+ c%%

If p=0then® =0, B=V x A, E——%—?.

Thus, in the free fieldjf, = 0): 0UA = 0.

In the Lorentz gaugey = 0 impliesJ® = 0, then® +# 0.
Therefore, in the following, we shall use the Coulomb gauge.

41



Lagrangian formulation

oL
DA,
oL

0A,,

Euler-Lagrange equations

oL 0 oL \ _,
0A, 0Oz, \0A,,)

1
——F, F,,+7,A
Ay HH pp

[ —
FoFo.=2(A,A,,—A,,A,,)

0
Ao = Jolpuo = J )
aAMJ JoOpu Ju
1 0
A O'AO' T A O'A o
2/’1‘0 aAM,I/ ( >\7 9>\ >\7 >\’ )
1 1 1
%A)\,U (5Au501/ — 5)\1/50,u) — % (AI/,M o Ali,’/) — % FM’/

10F,,
.,uO a371/

= Jju | —Maxwell equations

42



Hamiltonian of the electromagnetic field

1 1 €0
— = vy = — B* —FE°
£ dpg " 2410 T
0Ly . 0 Ly
em = —2 A, — L= Apa — L
0 Ly 1
aAMA A,u,4 = _%FLLMAMA = EoE(E + V(I))

1 1
Hoo = coB2 + qEV® + — B2 — PE2—= _~ B2 4 g2 4 ( EVO
2110 2 2440 2

€0V(E(I)) — EoEv(I) + ,OCI).

The first term does not contribute 1 - it vanishes after the integration.

1
Hem — —B2 _|_ E_OEQ _ p(I)
2,&0 2

43



Free field: j, =0

Interaction

1 €
0 2 02
H. = —B —E

Ling = juAu — .]A - p(I)

aﬁint
int — —A - *Cin

Hint — _jA + IOCI)

1
H=—B2+2E2_jA
2,LLO 2

44



For the free field under the Coulomb gauge the only Maxwelbgéigu
which is not fulfilled identically is

1 OFE 1 9?2
_ Y— e _— ——_— A_:
V x B 2757 0:>(A 028152) 0

Let Ayxa(r,t) = e etkr—wt) then

VAka = ’L(k . Ea)Aka =0
w2

Ak, = (_kz + _2) Ay, =0
C

Thus, the transversality condition implies that the fieltdamsverse, i.e.
k-e* =0. The Maxwell equations are fulfilled if |k| = w/c
We assumee'V), e?) k/|k|] form an orthonormal, righthanded system.

The general solutionof VA =0A =0: A=) CjAy,q(r,t).

Jo

45



Plane wave expansion in a cubic box

A complete set of orthogonal periodic functions vanishihtha walls of
the boxV = L3:

. 2
Ue = €De®T ki ko kg = %” n=+1,42 ...

*

uka — u—k@?
! : &’z = Oud
17 U Uk T = kk/Vaa’
vy
1 1
P UkO{Uk/a/de — P u:l*{oéu:l*{/a/dgx — 5k7_k/5aa/
v/, v/,

46



The vector potential

A(r,t) = —chka(t) e up,

e A ISreal,

e A vanishes at the walls of the box,

e A fulfils the wave equation]A = 0 if

Cra(t) = Cra(0) e ™ w = c|k|.

47



Several identities

0

AAxo = =k Axa, 5

/ (V x A)? d’r = —/ AANAdY
\%4 %4
Proof:

(VXA)(VXxA)=VIAX(VXA)]+A[Vx(VxA),

/V[Ax(VxA)]d3r: A(VxA)do =0,
1% Sy

becauseA vanishes orby;

AV x (Vx A)] =A[V(VA)] — AAA.
ey

48



Hamiltonian of the free field

0
Hem

/ HY  dPx
1%
1

1
—/ (—B2—|—60E2) >z
2 Jv \ Mo

1/ i(VXA)2+€O
2 %4

Ho

1 1
—/ ——AANA + ¢
2 Jv Ho

49
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o0t

oA |
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Plane wave representation

1 0Ay o 0Axa k2
__Ak’oz’AAkoz =+ €0 K - — (_ -+ ww,) Ak’a’Aka
Ko ot ot o
k? 4 ;) w? r /
— fww = 5— fwwe = w(w + w)eg
Ho C™ o
1 / o
Hgm = 5 E E CU(CU + CL)/) €0 Wkk’
kk/ aa’
aa’ 50605/ itk-r ik’ r 3
Wi = v Cia(t) ™" + c.c.] [Ck/a/(t) C + c.c.} d’x
1%

= [Ca(t)Crrar (t) + Cra(t) Cicr o ()] davarr Orcte

50



Harmonic mode decomposition

/
Hgm = Z Z w2 €0 [Cf:a Oka + CkQ Cfia] = Z w2 €0 Cf;a Oka
k o ko

Define:  Qualt) = v/e0/2 [Cialt) + Cio (1)
Pra(t) = —iwy/0/2 [Cia(t) — Ci (1)

1

w2 €0 Cf:a Oka — 5 (Plza —+ WQQ%(&)

( OHD,

5 .
— W Qkoz:_Pka
1 J Qx
0o _ 2 212 oY
Hem_Z§(Pka+kaa):>< 8HO .
ka em:Pkoz:Qkoz
. 0 Py,

C:‘,jkoz + wsza =0

51



QUANTIZATION OF THE

ELECTROMAGNETIC FIELD

52



Field oscillators
Planck— Einstein— Dirac — Feynman

A A

P,Q = P, Q

[Qkaa pk’a’} — ih(skk’daa’a {Qkaa Qk’a’} — 07 [pkaa pk’a’} = 0.

1 ~ ~
afka — (w ka T iPkoz)
2hw «
f (& Qo — iPia
o ka = Lka
k 2hw
[&kom &L’a’} — ihékk’(saa’a [&kom &k’a’] — 07 [&Laa &L’a’} = 0.

53



The number representation

54



The energy of the vacuum
N|nk1a1nk2a2 e > — N|nk10é1nk2oé2 T >7 N = Z Nk;a;
N|0) =0
. 1
Hul0) = Bol0),  Bo =5 ) h
J

One can shift the energy scale so that the energy of the vazuequal to):

H*™M =A% — Ey = Zhw Nk o,

55



TIME EVOLUTION OF THE CREATION OPERATORS

AN

: 1 A .
ko = —7 {akaaH} = —1W dka

Akoy (t) = Ako (O)G_iw t

The annihilation operators: Hermitian conjugate, i.e.

&ka (t)T = &ka (O)Teiw t

56



MOMENTUM OF THE FIELD — THE POYNTING VECTOR

R . 1
P = ExBd’z = hk Na+—>: ik Ny,
/i Yo (e ;) =3 e

becausez: k = 0 — the termsk and—k cancel each other.
k

57



THE MASS OF A PHOTON

A 1
EM%ﬂMO+§yD:Em = E:}M

. 1 3
P|1) = 7k (1 + 5) 1=pl) = p=_hp

9
m2ct = E? — p?c? = Zh2 (w2 — kQCQ) =0
becausev = kc

Conlusion:m = 0 (the mass of a photon is equal@p

58



SPIN OF APHOTON

The radiation field is transvers& A = 0.

The transversality condition implies thiaé“ = 0 — the polarization vectors
e“ are perpendicular to the directid&nof the propagation.

Spin emerges as the generator ot the infinitesimal rotatiomal the
direction of the propagation:

'\ (1 sy RO N QUCIRCP S
e |\ 5o 1 e || €@ _ Mgy
1 . . .
Let €= 7 (e(l) - ie(z)) — the cirular (helicity) basis

Then

et = et & i€top = (1 -+ %Sz&p) et

59



Conclusion: S, = mh, m = +1

m = 0 1s absent!

Spin of the photon may be either parallel or antiparalleh® direction of
the propagation (positive or negative helicity). The alogeof helicity zero
IS a consequence of the zero mass. The restriction of theitigab its
maximum and minimum possible values is a general properajl of
massless particles (e.g. the massless neutrino).

The orthogonality conditions:

60



Creation and annihilation operators of the circularly piakd (i.e. of
defined helicity) states:

Spin operator:
Mo = >k (aL N aL_ak,_) Yk (Nk,+ — N

k
a1 =

Massive particlesing = —s, —s+1,...,+s
Massless particlesh, = —s, +s

61



INTERACTIONS

62



Transverse and longitudinal components of the e-m field

0A
E=E, +E=-—- -V
1+ By 57
0A
Transverse component:VE | =0, E,; = ~57

Longitudinal componentyV x Ey =0, E; =-V®
/ E*d’r = / (Ei -+ Eﬁ) d’x + 2/ E E| d’z
|4 |4 v

/ E E | d’z = —/ E V®d'x :/ OVE | d’z =0
|4 |4 V

1
/ Ejd’z = —/ E\V®d’x :/ OVE|d’zr = — | ®pd’x
1% 1% 1% € Jv
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Hamiltonian

H = / Hd = / (HO + Hing) dz
|4 |4

1 €0 1
_ —B2+—E2>d3x+/ (—cp —'A) d>x
/V(QMO 2+ v \2 r

g0 o L / p(r, )p(x’, 1
;

dmeg|r — 1/

2

Point charges:p(r) = Z e;0(r —r;)

1/ p(rat)p(rlvt)dedS /
V

64

1
5;\1'

2

3<J

Brd3x — / JA d’z
Vv

€;€;

€;€;

Tij

i — I
1
+§Zé:

self —interaction

2
€;

r;



Schrodinger field + Maxwell field:

H = Hparticles + Hem + Hint

L0 L0
th — zﬁm—e(ﬁw

iV = ihV + eA

From here
p = ey
. Gh * * 62 *
J = %(¢V¢—V¢¢)—5A¢¢

These substitutions generateL/ jAdz
|4

65



The Hamiltonian density:

7—(particles —
h2
=0 = [V V()6
= o (iR (~ihV) + V() 9
A4, #0] = % (thVy™* — e AY™) (—ihVY — eAy) + V(r) Y™y
HO _ LBQ i 6_0E2
em 2,“0 2 1
. 1 9 €0 0A 2
— % (V X A) + E W
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The Hamiltonian:

H = / [21 (ihV* — e Ay*) (—ihV) — eAy) + V(r) Y*¢ | d°x

m
A2
0 ]d?’x

ot

Ho

d3 d3 /
i ///47T€0|I'—I'/|

1 1
+ —/ [(VXA)2+60
2 V
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QUANTIZATION

bozons: laq,aq') = |0}, } =0, {&qa&H = Oqq’

s N N PR N
fermions: {ag,a, _{ajl,a,}_(), q,aq,}_(Sqq,

H, — free fields
H' —interactions
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THE HAMILTONIAN

FIO:/
vV

— ZNjgj -+ Z (Nka —+ %)
7 ko

ﬁ':/
g
2

s
+ 6—/ VY d’xd’x’
2 V /

dmeg |r — 1/

2 o1 ¢
vt t - A2 L 20
5V V¢+V(r)¢¢+2u0(Vx )+ 5

2 (AG'VE — (VINAD) + oAb Ad| %

2m
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THE COULOMB INTERACTION

The radiation field is neglectgd\ = 0).

The unperturbed problem corresponds to a system of nomaitiag
particles

k k
h2
(—%A + V) U — 5k U
Ho =) &ajar=» &Ny
k k
0
H0|n17n27 y TV > — Enl,ng ,,,,, ni ‘n17n27 y Tl
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The basis:

Nilni, na, ...

bosons:

ar|ni,na, ...

a|ni,na, ...

fermions:

i lnn, o, - .

a|ni,na, ...

O = +£1
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The perturbation

~ e2 zﬂTzﬂ’Tzﬂ’zﬂ
A=<
/[/

> Jo e e e = 5 3 ko i)
v’ 0 jklm
2 wruk ul u,,
(Gklim) = - / / 7 U T 58 dBal = (jmlki)
N—— 47‘(’60 \V4 ’ |I' —r ‘ N——
'physical’ S notation = 'chemical’ (Mulliken)
2 2 /12 )
neo "u‘ﬂﬂ;‘Q . Coulomb integrals
l 3.3,/
(Kl|lk) = 47T60/ / =y Lad’s
(kl|kl) = 47T / / “”ﬂ‘;"l i’f‘“l d®xd3z’  Exchange integrals
€0 / —
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The Hamiltonian:
H=Ho+H = alars, + % > " ala)a (jk|im)
k jklm
Bozons
e One occupied statgr; = 0if j # k)
alalaray = al (aparal — 1)ay = N2 — N

By = E}+ (ni|H'|ng)

1

e Two occupied stater; = 0if j # &, 1)

alalaga; = alal agay = alalaa, = alal agar = NpNy

Er = Elgl —+ <nknl|ﬁ'\nknl>
= np&p + & + ninyg [<kl|lk> + <kl|kl>]
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Fermions

Two occupied statesiy, =n; =1, n,; =0if j # k, 1)

alalaga; = alalaar = —Ni N,
alzazalak — &galzdk&l NkNl
Ey = E% + (nin|H'|ngng)
= &+ &+ (Kl|lk) — (Kl|EL)

In the case of bosons the exchange energy is positive;
in the case of fermions it is negative.
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THE THEORY OF RADIATION
The Coulomb interaction is neglecté@t = 0).

A A A - A 1
fly = o + oy = 37,85 + 3 (Nua 1)

7 ko

2m

i = [ |58 (RVi - (ViDAG) + 5 AdAG| %
|4

- / (VoHAYd?z = — | V(TAd)do + / DIV (AY)d3x
4 1%
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oL 1eh

_ /Awvad?’an—/ PHAPYd

We are interested in the single-photon radiative processls
Therefore the second term does not contribute and

A/_Zeh/Awvadg
(1) = = [a, Ay | = 2 i al] 66 = — 28,4
i (t) = 7 [ Fon | = %;\[am’%} 1€ =~ Emlin(t)

=dmj

We denote hereaftén0) = a
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Several formulas:
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/ A@ETV@@de

/\ A'I'A w_1 ko 'I' ATA twat —ka
V QGOVZ 2.5 \/_ ako‘a Qe My" + o G58e™ T My,

ka gl

£ — &
h

MEe :/ uje(o‘>eikrVuld3x
1%

Wi = +w, w=kc

71

zeﬁ

(B|H'|A) =

/ ATV

1eh h / 1
> B E 260‘/20; %: ﬁ

(Blakadja| A)e™ " MJ* + (Blay, ajal A)e’ My

I—IW'
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One-electron systeny- radiation field

Transition from: |A) = |E4ink 0 Mkeas = Mkpa, = )
to: K) = ) Cg|B)
B
|B> — |Eb;nk1a1nk2a2 "'anap >

Short-hand notation (only one photonic occupation numbgehanged):

|A> — |Ea;nka>7
|B> — |Eb;ni<oz>

whereny, = nx,a,

Transition probability is given as the first-order perturba:

Wa—p ~|Cp|* ~ (BIH'|4)
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Absorption
&ka&j&l|A> — &ka&j&l|Ea; nkoz> — 5al\/ nkoz|Ej; Nka — 1>

<B|&ka&&l|A> — 5al nka<Eb;ni<a|Ej;nkoz_1> — 5al5bj5(ni<a7nka_1)\/ Nka
J

Thus, the matrix element vanishes unless
‘A> — ‘Ea;nka>7 and ‘B> — |Eb;nka - 1>7

l.e. in the final state there is one photon less than in thelmhe:

By A\ Nka — 1

Absorption: < huwy,
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Emission
oy ata|A) = al,ata| Ea; nka) = 6aivMika + 1| Ej; nia + 1)

(Blaf AT&Z|A> = daiV Nk + 1{Ep; Ny | Ej Nica+1) = 0010650 (N Nka+1) V1Ko +

Thus, the matrix element vanishes unless
‘A> — ‘Ea;nka>7 and ‘B> — |Eb;nka - 1>7

l.e. in the final state there is one photon more than in thalmone:

Ea Nka

Emission: > hwyg

Eb v Nka + 1
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Transition probability

Nka ka tw_t

— if ny., = Nka — 1
R oh 3 ba © ) It Nyq ko
(BIE'|4) = —\ [ -— C
m € .
0 k \/nkaw_I_ Mb—aka ezu)_|_t’ if ni{a = Ny + 1
1|t . ?
ko 0

’ Wi 112 sin®tw/2 t—oo

_ e _
tw? - t(w/2)?

L]/t
/ ezwtdt
t1Jo

md(w/2) = 276 (w)
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Transition probability

([ Nko ka |2
2h R ‘Mba ‘ 5(w—)
WA—>B — 62 vV Z < “

«ot1l
amieo VAZ | Mee ‘Mbaka‘z o(w+)
\ w
Ey, — E, By, — E, .
w_ =2 W, = dw_) = w= ’ - = kc — absorption
Ey, — E, E, —E .
wy = — ; +w, = dwy) = w= - ® = ke — emission

b, = E, + hw — energy conservation
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Absorption and induced (stimulated) emission
Radiative processes in the presence of the radiation fieldwhen
nko > 0. Let us assume that, >> 1. Thennk, — n(w).

n(w)dw — the number of photons iw, w + dw)
%‘" — the contribution of one photon to the density of energy
c 57“’ — the contribution of one photon to the intensitiw) of radiation

Then, for a fixed polarization,

S = [ [t

I(w)
(o)™

because n(w)dw =
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Absorption and induced (stimulated) emission

 2mha, I(wpa) ‘Mj:kbaa
o 2 2 ba
m Wi

Ey, — E,
wba:i bh :Ckba

Mbiakbao‘:/ uZeaeiZkb“rVuad?’x
1%

62

oy — fine structure constant in Sl

B dmegch

Note: everywhere else the fine structure constant is
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Spontaneous emission
Process in the absence of photons, i.e. when the radiatidngim the
ground state. In this casg,, = 0 and

q ’h 1 ke
Wi p = g 7 2 | Mo ] 0()
ko

. 1 .
Plane waves in the boxi, = ——e™* where

VV
2 L
k = %n n=(ng,ne,n3); n;= -

The number of photons (plane waves)ln k + Ak):

ki, 7=1,2,3

L 3
AniAnsAng = (2—) A k1A koA ks — 8Ld3k — k?dkd$)

2
= / / 773(;3 dw )
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Spontaneous emission

2 o0
sz — € h / / }M_ka‘z 5(w+)w dw dQ
—B 8miepc3m? Jy  Jq ba
o, h? K 2
= M, b 4 dS2
41 m?c? /Q ‘ ba b

— Ky, s
M, ™" « :/ Up €0 € koat\7 4 3
1%
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Dipole approximation: e %" = 1, thus

m MWpg

/ WiV ug d°z = 5 (Fo — Eb)/ Wi Uug dPr = (blr|a)
v h v h

£ 2 £ 2
becauseV = % [r, ;)—m + V(r)] : (§—m +V> Ug(r) = Faug(r)
k
(blr|a) e ,
0 M, "% = €4(blrla) = |(b|r|a)|sinb
/ » €
WP = 20 a2 [ singde — 222 “ba | pjrla)?
s = 5oz el |(blrja) [ singd2 = 252 <22 |(birf
8;73
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DIRAC FIELD

89



Dirac theory versus physical reality

A basic contradiction: the one-particle interpretatioriled Dirac
wavefunction and the negative-energy particle sea areadintory to each
other. Two necessary conditions for the model of pair-coeaio work:

e The particles (electrons) obey the Pauli principle

e The difference between the number of the positive energstreles and
positrons is conserved:
N(el_?>0) — N(e_)’ N(el_?<0) — N(exjacuum) o N(e+)
N(e™) = N(e") = N(egg) + N(egco) = N(€qacuum) = const

In the real world pair also boson pairs may be created (no Baatiple)
and positrons may emerge alone (not in a pair), e.g. in theefidas decay:
p—n+v+et
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CLASSICAL DIRAC FIELD

_ 0 _
L —_— —Chw’yua% —m(32 ww
I

— 0
— _Chwoz (fYM)OéB 0;pﬁ

—mc® o o tha
7

Ve, U, - independent field variables

b=l ie. Y, =9k (1)sa

Variation with respect tay,, leads to four Euler-Lagrange equations
equivalent to the Dirac equation for.

0L 0 0L

a@a axﬂaw

0, a=1,234 = yﬂw,u+%¢:0
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Equation for

0

0x,

_ O _ 0 07
(wvlﬂb) :—¢7u¢+¢7uaw ~ SJu =0

8:1:“ T, 8:1:“

Then, ¢~,%v, maybereplacedby —¢ , 7, 9.

In effect we get:

L=—chp,vytb —mepp = Y 7y, — — v =
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Momentum density

0L L, — it
T3 = a—¢ﬁ = 1M, (Ya)ap = ihg

T = ihy!

For this choice ofZ the momentum conjugated Vq? vanishes
(similarly as in the Schrédinger case)
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Hamiltonian density

0
H = Zz’cwﬁaqﬁf—ﬁ
B

= —chy 4+ chiby P4 +ch) g Y g + mc® P

\

=0
_ 0 5
= Y| chyz—+me |y
(9£Ek

= YT (—ichaV + Bmc?®) ¢

H:/ @(chfyki—kmg)wcﬁx:/ T (—ihcav+ﬂm62)wd3x
1% 1%

(9$k
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Free particle in a box

(cap+ fmc’) Pron = A Ej Pron

k 1
k = p/h, Er = c\VE2h2 + m2c2, \ = 41, UZUE:ii

Discrete, complete, and orthonormal set of plane wavew#seilox:

1 .
(I)ka)\ — —BUkJAeZ(kr_AEt/h) = w(raw — Z akakq)kak(r7t)

v L ko A

Uk 4172, = A Uk, —1/20 = A

b © ~ ©

1
0
B )
e O —

24+ \NE, chok
A= (2rh) =32, [ E B =
(2rh) \/ NE, mc2 4+ \ E
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QUANTIZATION

ko) = Qko)

A

p(r,t) = (r,t)
zﬂ(r,t) = Z CALkUA(I)kJ)\(I‘,t)

koA

/ (I)L’a’)\’ (I)kO‘A de — 5kk’ 50‘0"5)\)\’

V

H= / &T (—z’hcaV + ﬁch) zﬂd?’x
Vv

{Z&,a &T} — 5(1‘ — I'/) = {&ka>n dL/(;/)\/} — 5kk’500’5>\)\’

The remaining: operators anticommute.
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Hamiltonian

H = /@@T(cap%—ﬁch)@dgx
v

_ 4 s
= D D gy iwory

ko ko’ )\ 4

(I)LJA \(COA p + ﬂmcz) (I)kfaijdgx

)\/ Ek:/ ®k/0'/ )\/

) At A I
= E E N B Gy Qk’o/ )" Okk/Ogo’ 0NN = E \Eyal ko
ko k’o’ N ko

—_— ZEk (CALLU+CALkU+ — &LJ_&kg—> — ZEk(NkG—i— T Nka—)
ko ko

The eigenvalues: E = ZEk( Nkot — Nko— )
ko

N(egso) Nlegco)

97



Charge conjugation (e = —e) in the Dirac model

9, 1e me
— —A ) =
(81‘“ f “) W+ =0

0 ie mc .
( "'_Au)%owc + 7%0 =0

o0z, h
0 1€ me
(ax; Z ﬂ) WY Y
:CZ — Lk, :CZ — — X4, AZ — Tk, AZ — _A47 f)/; — (_1)'“,7/1

Letusset)® =Ty* = T = andy®=yo*
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Charge conjugation (e = —e) in the Dirac model
72(1)1*{04— — (I)—k—U— — (I)lc<0—|—7

Yo @ o = Py = BC

E <0 charge| energy| momentum| spin | helicity

electrons —le| | —|FE| p > 3p

holes (positrons) —+le| | +|F| —p —ipE | Xp
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Electron and positron operators

Let us introduce new operators:

(ko = Qko+ bl =G ko
77;(1‘7 t) — Z (&kaq)kd—i— + [;qu)—k—a—>
ko
We define:
io_ = q)ko-_|_, q)id — q)_k_o-_

dg and®; _ are charge conjugate to each other
They correspond to the same positive eneffy

{ak07 ak’o’} — 5kk’ 500’ . ng — Uy ko
7 N _ 7P __ 1T 1
{bko: by} = Oxkloors, Ny, = b bko

The remaining pairs of the new operators anticommute.
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annihilation of a particle wittkk, o, A =1
creation of a particle wittk, o, A = 1

annihilation of a particle with-k, —o, A = —1

l.e. creation of a particle with-k, +0, A = 1

creation of a particle with-k, —o, A = —1

l.e. annihilation of a particle with-k, +o0, A =1
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Hamiltonian of the electron-positron field

IA{ = Z Ek (&I{a afko — [A)ka [;Lg)

ko

— Z E (CALLU &ko‘ + [;La [;ka T 1)
ko

= > B (Ng, + N5, + &
ko

Eo = — Z E; — aconstant, infinite, “energy of the vacuum statg”
ko

We redefine the energy scale so thHD) =0, ie. H = H—&y:

H=>  Ej(Ng, +Ng,)
ko

E =) Ey(hg, +n,)
ko
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Note: It would be “—" in the last equation if we had bosons

Conlusion: The requirement that the energy be positive definite leads t
anticommutation relations for the Dirac field.

This means that spih/2 implies Fermi-Dirac statistics.
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Momentum operator:

/ DT pydis = Z hk (@l o + bl bo ) = D Bk (N, +8,)

ko

Note:p = —thV

Electric charge operator:

Q=c [ dtvdr=e Y (il o - b, b )+Qo = Y (N~ NE)+Qo
|4

ko ko

Q= Q—Qu, i p=ctplp—e(0[T[0)

7.9

0 = the electric charge is conserved
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An alternative dealing with the infinities
H and( redefined to remove the infinities:

Let WT0 =) "¢l W= ¢l =
j=1 j=1
~ 1 A “ = 2
H = —/ [\IJTHD\IJ—(HD\I;)\IJT] d>x
|4

= Y B (N, +82) = B (Mg, + KT, )
ko ko

Hp = cap + Bmc?

o - ¢ [@w—\i\iﬁ] o
2 vV

— GZ(NﬁO'_NII()O')ZGZ (Nﬁo_leo)

ko ko
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In consequence,

G- 0t =2
2
= e

H = [@T,HD@}
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Charged Klein-Gordon field:
2.2

<D+mh2c )wzo

" .
) = ze(w*(?w_@w w)

2mc? 0t 0t
vhe ., .
jo= o Ve (VY)Y
ka (I‘, t) _ Aez’(kr—kwk t)
E
k = %, Wy = ?k, E. = c\/h2k2 + m2c2, \ = +1
P+ = me2 ¢k+¢k+ p— = — me2 wk—wk—
Y — chargee Yx_ — cCharge—e
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The Lagrange density, the Hamiltonian, quantization

2(34

_aw*a_w_ 2 * _m *
L= 5, —C(VU(Ve) - Ty

o L _ o

T e 51

2.4

_8¢*8_¢ 2 * m-c *
2 4

- o™ O . m-c* 3
i= [ |55+ ey - B v
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Particle and antiparticle operators
? | h 1 (A —iwit | 7t t\ ik
— - _ ake TW b ’I,u)k )e r
2V zk: \/ Wk
IA{ = ZEk (akakqti)kl;l;)

Z Ek CLk ax + IADIT{ I;k — 1), If [[A)k, [A?L/} — Ok’

= S A (-
Z Ey (CALL ax — b;r{ b + 1), If {bk, b;r{/} = 5kk’
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Conlusion: The requirement that the energy be positive definite leads t
commutation relations for the Klein-Gordon field.

This means that spitiimplies Bose-Einstein statistics.

Theorem (Pauli 1940): The fields with half-integer spin are fermmand
the fields with integer spin are bosonic.
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